Abstract. We define two related invariants for a d-dimensional local ring (R, m, k) called syzygy and differential symmetric signature by looking at the maximal free splitting of reflexive symmetric powers of two modules: the top dimensional syzygy module Syz d R (k) of the residue field and the module of Kähler differentials Ω R/k of R over k. We compute these invariants for two-dimensional ADE singularities obtaining 1/|G|, where |G| is the order of the acting group, and for cones over elliptic curves obtaining 0 for the differential symmetric signature. These values coincide with the F-signature of such rings in positive characteristic.
Introduction
Let (R, m, k) be a Noetherian local ring of prime characteristic p and dimension d which is F-finite, and with algebraically closed residue field k. For every e ∈ N, let q = p e , and let e R be the R-module which is equal to R as abelian group and has scalar multiplication twisted via the e-th Frobenius homomorphism, that is r • s := r q s for r ∈ R and s ∈ e R. We decompose it as
where the module M q has no free direct summands. The number a q is also called the free rank of They proved that the limit defining the F-signature exists assuming that R is Gorenstein and in other cases. Watanabe and Yoshida [WY04] introduced the minimal relative Hilbert-Kunz multiplicity. Then, Yao [Yao06] proved it actually coincides with the F-signature. Finally, Tucker [Tuc12] proved that the F-signature exists for every reduced F-finite Noetherian local ring.
The F-signature is a real number between 0 and 1 and provides delicate information about the singularities of R. Two principal results in this direction are the fact that s(R) = 1 if and only if the ring is regular [WY00] , and that s(R) > 0 if and only if R is strongly F-regular [AL03] .
The main motivation for this paper is given by the following question.
Question. Does there exist an invariant analogous to the F-signature which is independent of the characteristic and can be used to study singularities also in characteristic zero?
A possible natural attempt to define a characteristic zero version of the F-signature is the following. If R is a reduced Z-algebra such that Spec R → Spec Z is dominant, then for every prime number p we consider its reduction mod p, R p := R ⊗ Z (Z/pZ), and compute the F-signature s(R p ). One may ask whether the limit lim p→+∞ s(R p ) exists, and use this limit to define a characteristic 0 version of the F-signature.
Unfortunately, it is difficult to find an appropriate meaning and compute the previous limit, or even determine whether it exists at all. If p 1 and p 2 are distinct prime numbers, the two Frobenius homomorphisms are difficult to compare. If R is a domain then the rank of e R p 1 and the rank of e R p 2 are different, the first one being p In this paper we define a new invariant called symmetric signature which works in any characteristic. As inspiration for our construction, we considered two important properties of the modules e R which we would like to keep. The first fact is a result of Kunz [Kun69] which states that e R is a free module (for all or for some e ∈ N) if and only if R is a regular ring. Next, if the ring R is Cohen-Macaulay then e R is a maximal Cohen-Macaulay (MCM for short) module.
Let (R, m, k) be a Noetherian local k-algebra of dimension d. We look for an R-module with the property that it is free if and only if R is regular. We have at least two modules with this property: the top-dimensional syzygy module of the residue field Syz d R (k), and the module of (Kähler) differentials Ω R/k of R over k or its dual.
If R is Cohen-Macaulay, then the module Syz d R (k) is MCM by the depth lemma, on the other hand Ω R/k is not even reflexive in general. For this reason we prefer to work with its reflexive hull, Ω , which is called module of Zariski differentials of R over k. The sign (−)
* stands for the functor Hom R (−, R).
We want to study an asymptotic behaviour, so we construct two classes of modules (one for Syz , that is ordinary q-th symmetric powers of R-modules composed with the reflexive hull.
The choice of studying symmetric powers is motivated by an unpublished work of Brenner and Fischbacher-Weitz [BF09] . Symmetric powers of cotangent bundles on projective varieties have been studied also by other authors such as Bogomolov and De Oliveira [BDO08] , and Sakai [Sak78] . Instead, the reflexive hull is motivated by the fact that we want to stay inside the category of reflexive modules, which coincides with the category of MCM R-modules if R is a normal two-dimensional domain.
More precisely, we procede as follows. We consider Syz d R (k) (for Ω * * R/k the situation is analogous) and we apply to it the q-th reflexive symmetric powers functor for a natural number q. We obtain a reflexive R-module
We decompose the module S q as S q = R a q ⊕ M q , with the module M q containing no free direct summands, so that a q = frk R S q the free rank of S q . For ease of notation we fix also b q := rank R S q , and we introduce the following (Definition 1.11). in the previous construction we define also the differential symmetric signature of R, which we denote by s dσ (R).
Definition. The real number
In order to understand the behaviour of these new invariants in comparison with the F-signature we concentrate on two important classes of examples: two-dimensional Kleinian singularities, and coordinate rings of plane elliptic curves. Two-dimensional Kleinian or ADE singularities are the rings of invariants R = S G of a power series ring in two variables S = k u, v under the linear action of certain finite subgroups G of SL(2, k), called Klein groups. The field k is algebraically closed and such that its characteristic does not divide the order of the acting group G. Watanabe and Yoshida [WY04] proved that if the characteristic of k is a prime number then the F-signature of R is s(R) = 1 |G| . We prove that the same holds for the symmetric and the differential symmetric signature in any characteristic (Corollary 3.18), that is
Our main tool to prove this result is the so-called Auslander correspondence (Theorem 2.4). This states that for a Kleinian singularitiy R = S G there is a functorial one to one correspondence between irreducible k-representations of G and indecomposable maximal Cohen-Macaulay R-modules. The module corresponding to a k-representation V is given by
We prove that this construction commutes with q-th reflexive symmetric powers (Theorem 2.12), that is we have This result is the key to translate the problem of computing the symmetric signature into a problem in representation theory of finite groups. In fact, it turns out that the free rank of some MCM Rmodule M = A(V) is equal to the multiplicity of the trivial representation into V, and the latter can be more easily computed using tools from representation theory, such as characters.
The symmetric signature of two-dimensional cyclic quotient singularities k u, v G , with G cyclic, is also 1/|G| and is computed by Katthän and the second author in the paper [CK16] .
Let R be the coordinate ring of a plane elliptic curve over an algebraically closed field k. Then R is not strongly F-regular, therefore its F-signature is s(R) = 0. We prove that the differential symmetric signature of R is s dσ (R) = 0 (Theorem 4.14), provided that char k is not 2 or 3. For the syzygy symmetric signature we give an upper bound, that is s σ (R) ≤ 1 2 (Corollary 4.18), provided that the limit exists. The methods we use in this situation are geometric. We use the correspondence between graded MCM R-modules and vector bundles over the smooth projective curve Y = Proj R, and we translate the problem of computing s σ (R) and s dσ (R) into an analogous problem in the category VB(Y) of vector bundles over Y. The main advantage of this approach is that over an elliptic curve Y the indecomposable vector bundles have been classified and described by Atiyah [Ati57] .
The structure of this paper is the following.
In Section 1 we give a short review of the F-signature and its properties. Then, we define the symmetric and differential symmetric signatures, together with some other variants: a generalized version for modules (Definition 1.16), and one for graded rings (Definition 1.17). Some easy properties and consequences of the symmetric signature are also stated in this section.
In Section 2 we review the theory of the Auslander correspondence and we prove that the Auslander functor commutes with reflexive symmetric powers (Theorem 2.12).
Section 3 is dedicated to the computation of the symmetric signatures of two-dimensional Kleinian singularities, and Section 4 to the computation of the symmetric signature for coordinate rings of plane elliptic curves.
1. F-signature and Symmetric signature 1.1. F-signature. We recall some general facts about rings of prime characteristic, and the definition and basic properties of the F-signature. Let R be a commutative ring containing a field of prime characteristic p. With the letter e we always denote a natural number, and with q = p e a power of the characteristic. The Frobenius homomorphism is the ring homomorphism F : Tucker [Tuc12] proved that the F-signature exists for every reduced F-finite Noetherian local ring.
. So we can write the limit defining the F-signature as
.
The F-signature is always a real number in the interval Also the value s(R) = 0 has a special meaning in terms of the singularities of the ring, it is equivalent to the ring being not strongly F-regular, an important notion in tight closure theory. We conclude with the notion of generalized F-signature, introduced by Hashimoto and Nakajima [HN15] . Let C be a full subcategory of mod(R), the category of finitely generated R-modules, such that C has the Krull-Remak-Schmidt property (KRS property for short) and e R ∈ C for every e ∈ N. For example, if R is complete we may choose C = mod(R). Let M be an indecomposable object in C, for each e ∈ N and q = p e we can consider the multiplicity 
The definition of the Auslander functor A and the relation between k-representations of G and reflexive modules over the invariant ring R will be reviewed in Section 2. Let q be a natural number, we define the following two classes of R-modules. In the rest of the paper we will study both the symmetric signature and the differential symmetric signature. For the clarity of exposition we will focus sometimes on one definition and we will say what applies also to the other.
We don't know whether the limit defining the symmetric signature always exists. To obtain an invariant which is for sure well defined and exists, one may replace the limits in Definition 1.11 with limits inferior.
Moreover one may ask why should we consider the limits of Definition 1.11, insted of the simpler limit
The main reason is that the limit (1) does not exist even in simple cases, as we see in Example 3.19. However, when the simpler limit (1) exists, then also the symmetric signature exists and they coincide. and C q are also free, therefore frk R S q = rank R S q and frk R C q = rank R C q for every q. It follows that the symmetric signatures are s σ (R) = 1 and s dσ (R) = 1. In particular, this happens if R is of dimension 0, since it is forced to be a field, being a domain. We can define the symmetric signature also for N-graded rings.
Let R be a standard graded Noetherian k-domain of dimension d. We work in the category mod Z (R) of finitely generated graded R-modules. In this category we consider the graded module Syz d R (k) coming from a minimal graded free resolution of k as R-module, and the differential module Ω R/k , which is also naturally graded. Their q-th reflexive symmetric powers S q and C q are again graded modules. We also introduce a graded version of the free rank. For any finitely generated graded R-module M, we define the graded free rank of M as The main reason to introduce this definition is that we want work in the Krull-Schmidt category mod Z (R) of finitely generated graded R-modules, whose maps are R-linear homomorphisms of degree 0. Thus, the previous definition is more natural in this setting. Replacing the module S q with C q in the definition above, we define also the graded version of the differential symmetric signature. Remark 1.18. Notice that in the definition of s σ (R) for graded rings we consider the graded free rank instead of the free rank as in the local setting. Therefore some differences may occur. For example, one should remind that all direct summands of the form R(a) for some integer a contribute to the graded free rank part of the module.
Auslander correspondence and reflexive symmetric powers
We fix the setting for this section. Let S = k u, v be a power series ring in two variables over an algebraically closed field k. Let G ⊆ GL(2, k) be a finite group which is small, i.e. it contains no pseudo-reflections, and such that the characteristic of k and the order |G| of G are coprime. The group G acts on S via linear changes of variables, and we denote by R := S G the invariant ring under this action. The invariant ring R is called quotient singularity and has the following properties: it is a Noetherian local domain of dimension 2, normal, Cohen-Macaulay, complete, and an isolated singularity (see e.g. [BD08, Theorem 4.1]). Moreover, Watanabe [Wat74a, Wat74b] proved that R is Gorenstein if and only if G ⊆ SL(2, k). In this case R is called special quotient singularity. If G is a cyclic group R is called cyclic quotient singularity. The Kleinian singularities, or ADE singularities are special quotient singularities, which actually coincides with them if the base field has characteristic zero.
In Section 3 we will compute the symmetric signature of Kleinian singularities. In this section we will review the theory of Auslander correspondence between linear k-representations of G and MCM R-modules, and we will prove that the Auslander functor commutes with reflexive symmetric powers. For a more detailed survey of these facts the reader may consult the books of Yoshino [Yos90] , and of Leuschke and Wiegand [LW12] , or the second author's Ph.D. thesis [Cam16] .
The Auslander correspondence. We denote by k[G]
the group ring of G over k, that is the kvector space with basis {e g : g ∈ G}, and with multiplication given on the basis elements by group multiplication e g e h = e gh and extended linearly to arbitrary elements. The category mod(k[G]) of finitely generated left modules over the group ring can be identified with the category of linear k-representations of G. For this reason we will use indifferently the terminology of representation theory or the terminology of module theory over k [G] .
The skew group ring of G and S is denoted by S * G and it is a free S-module on the elements of G S * G = g∈G Sg, with a multiplicative structure given by (sg)(th) := sg(t) · gh for all s, t ∈ S, g, h ∈ G.
The group ring and the skew group ring are in general non-commutative, so by k[G]-module and S * G-module we will always mean left module. We point out that an S * G-module is just an S-module with a compatible action of G: g(sm) = g(s)g(m) for all g ∈ G, s ∈ S and m ∈ M. The ring S is clearly an S * G-module, but not every S-module has a natural S * G-module structure.
There is a natural functor F between the category mod(k [G] ) and the category Proj(S * G) of finitely generated projective S * G-modules, namely F (V) := S ⊗ k V for every object V in mod(k[G]). The functor F has a right adjoint given by F ′ (P) := P ⊗ S k. The functors F and F ′ are an adjoint pair [Yos90, Lemma 10.1], but in general they are not an equivalence of categories.
We remark that an S * G-module is S * G-projective if and only if it is S-projective, hence S-free, since S is local.
We define two other functors G : Auslander [Aus86b] proved that the functors G and G ′ are an equivalence of categories. We will give a geometric proof of this fact, based on the following ring version of the Speiser's Lemma of Galois theory due to Auslander and Goldman [AG60] , and Chase, Harrison, and Rosenberg [CHR65] . 
given by δ(s ⊗ m) = sm. Then the following facts hold.
1) δ induces an isomorphism of coherent sheaves S
Proof. The ring S is a Cohen-Macaulay isolated singularity, so coherent sheaves associated to MCM S-modules are locally free on the punctured spectrum. Moreover we recall that projective S-modules are MCM in this case. Therefore it follows that property 1) implies property 2).
We prove 1). Let f 1 , . . . , f µ be elements in R which generate m up to radical, that is ( f 1 , . . . , f µ ) = m as ideals in S. These elements exist, since the ring extension R ֒→ S is finite. Thus, we have an open
We claim that for every f = f i the induced map
is an isomorphism. We prove the claim, then the Lemma will follow from it. In fact, because we have a global homomorphism, we get a sheaf homomorphism defined on U ′ which is locally an isomorphism, so it is forced to be an isomorphism on U ′ .
To prove the claim, let f be one of the f i 's. We check that condition 2) of Lemma 2.1 is true for A = S f and B = R f . Let p be a maximal ideal of A. If a − g(a) ∈ p for every a ∈ A and every g ∈ G, then we have a ∈ p if and only if g(a) ∈ p, which is equivalent to say that p is a fix point for the action of G on A. On the other hand, since G is small, its action on U ′ is fixpoint-free, so we get a contradiction. Therefore δ f is an isomorphism by Lemma 2.1 above.
Theorem 2.3. The functors
Proof. See [Yos90, Proposition 10.9].
We compose the functors F and G and we obtain a functor A : 
1) A(V) A(W) if and only if V W. 2) A(V) is indecomposable in Ref(R) if and only V is an irreducible representation. 3) A(Hom
k (V, W)) Hom R (A(V), A(W)) for every V, W ∈ mod(k[G]). 4) A(V ⊗ k W) (A(V) ⊗ R A(W)) * * for every V, W ∈ mod(k[G]). 5) If V 0 is the trivial representation then A(V 0 ) = R. 6) rank R A(V) = dim k V for every k[G]-module V.
. , V r be a complete set of non-isomorphic irreducible k-representations of G, and fix
N i = A(V i ) = (S ⊗ k V i ) G . Then N 1 , . . . , N r
is a complete set of non-isomorphic indecomposable MCM R-modules. Moreover let V be a k-representation which decomposes as
Example 2.6. Let C n =< g > be the cyclic group of order n, with irreducible representations (V t , ρ t ) over an algebraically closed field k given by ρ t (g) = ξ t , for a fixed primitive n-th root of unity ξ ∈ k. Assume that char k does not divide |G|. We can embed G into GL(2, k) via the representation V 1 ⊕ V a , where a is a natural number such that (a, n) = 1, otherwise the representation is not faithful. In other words, we consider the cyclic group generated by
This group acts linearly on S = k u, v and the invariant subring R is generated by monomials u i v j such that i + aj 0 mod n.
G . A straightforward computation shows that this is given by
2.2. Auslander functor and reflexive symmetric powers. We want to prove that the Auslander functor commutes with q-th reflexive symmetric powers Sym
Since the Auslander functor is the composition of the functors F and G we will split the proof of this fact in two propositions.
Remark 2.7. Observe that in the categories mod(k[G]) and Proj(S * G) the reflexive symmetric powers coincide with the usual symmetric powers. In fact, every finitely generated k[G]-module V is reflexive, so it is canonically isomorphic to its double dual V * * . Since S is regular, for every finitely generated projective S * G-module N the symmetric powers Sym q S (N) are S-free, hence reflexive.
Proposition 2.8. For every k[G]-module V we have an isomorphism of S * G-modules
Proof. From [Nor84, (6.5.1)] we have an isomorphism of S-modules ψ : Sym
The only thing that we have to check is that ψ is compatible with the action of G, and this is shown by the following commutative diagram
We will use often the following well-known lemma. We write it here for ease of reference.
Lemma 2.9. Let (R, m, k) be a normal two-dimensional local domain, and let U = Spec R\{m} be the punctured spectrum of R. For a torsion-free finitely generated R-module M we have an isomorphism
Remark 2.10. Let S = k u, v and R = S G be as in the rest of the section. Consider the following commutative diagram
where the map π is induced by the inclusion R ֒→ S, U is the punctured spectrum of R, and U ′ = π −1 (U) is the pull-back of U to Spec S, which is actually the punctured spectrum of S. For every R-module M this gives us the following identification of sheaves on U
Proposition 2.11. Let N be a projective S * G-module, then we have an isomorphism of R-modules
′ are an equivalence of categories (Theorem 2.3), it is enough to show that
Notice that the two double duals on the right hand side of (3) are different: the first one is the double dual in mod(R) and the second is the double dual in mod(S). For the S-module on the right hand side of (3) we use Lemma 2.9, and we interpret it as the evaluation of the sheaf
on the punctured spectrum U ′ of S. From the commutative diagram of Remark 2.10 we get the isomorphism
where we can remove the double dual over U, thanks to Lemma 2.9. Since taking symmetric powers commute with sheafification and with the restriction map of sheaves we get
where the second and the third symmetric powers are sheaf symmetric powers taken over X = Spec R. We set Y = Spec S. Since sheaf symmetric powers commute with pullback we have
We apply again (2) and Lemma 2.9 to obtain
Since taking symmetric powers commutes with sheafification and with the restriction map of sheaves we get
where the last isomorphism follows from Lemma 2.2. Taking global sections on U ′ we obtain that the right hand side of (3) is also isomorphic to Sym q S (N). Therefore we have an isomorphism of S-modules as in (3). This is actually an isomorphism of S * G-modules. In fact, the natural map of
G , which is G-compatible since the action is just on S.
From Proposition 2.8 and Proposition 2.11 we immediately obtain the following. 
Symmetric signature of Kleinian singularities
In this section we will compute the generalized symmetric signature (and differential symmetric signature) of two-dimensional Kleinian singularities. These are invariant rings R := k u, v G , where k is an algebraically closed field, and G is one of the following finite small subgroups of SL(2, k): the cyclic group C n of order n, the binary dihedral group BD n of order 4n, the binary tetrahedral group BT of order 24, the binary octahedral group BO of order 48, and the binary icosahedral group BI of order 120. We always assume that the characteristic of k does not divide the order of the group G. It is an old result of Klein that if k has characteristic zero, then every finite subgroup of SL(2, k) is isomorphic to one of these groups. For this reason these groups are also called Klein groups.
The Kleinian singularities are hypersurface rings, that is they are isomorphic to a quotient ring k x, y, z /( f ) for some polynomial f , according to the following 
which is called the fundamental sequence of R.
The module E appearing in the middle term is also unique up to isomorphism and is called the fundamental module or Auslander module of R (cf. [Yos90, Chapter 11]). It is a reflexive (hence MCM) module of rank 2. Moreover we have an isomorphism of R-modules 2 E * * K R .
The following example (cf. [Yos90, Example 11.8]) clarifies the name fundamental module.
Example 3.1. Let V be a k-vector space of dimension 2 with basis u, v and let G ⊆ GL(2, k) be a finite subgroup. Then, G acts on the power series ring S = k u, v and we consider the invariant ring R = S G , which is a two-dimensional quotient singularity. The fundamental module of R is the image via Auslander functor of the fundamental representation V of G, that is
Theorem 3.2 (Yoshino-Kawamoto, [YK88]). Let R = k x, y, z /( f ) be a complete two-dimensional normal non-regular domain with canonical module, with f ∈ k x, y, z . Then the fundamental module E is isomorphic to the third syzygy of k, i.e. E Syz 3
R (k). Moreover, the following facts are equivalent.
(1) The fundamental module E is decomposable.
(2) R is a cyclic quotient singularity.
Observe that the Kleinian singularities satisfy the condition of the previous Theorem 3.2. Now we prove that also the second syzygy of the residue field is isomorphic to the fundamental module.
Theorem 3.3. Let (R, m, k) be a two-dimensional Kleinian singularity. Then the second syzygy of the residue field k is isomorphic to the fundamental module, that is
From Example 3.1, it is clear that Theorem 3.3 is equivalent to the following statement.
Theorem 3.4. Let (R, m R , k) be a two-dimensional Kleinian singularity, and let V 1 be the two-dimensional fundamental representation of the acting group G of R. Then, the second syzygy of the residue field k is isomorphic to the image of V 1 via Auslander functor, that is
Theorem 3.4 can be proved by case considerations. We illustrate the general strategy and we apply it to the singularity A n−1 in Example 3.5. The reader interested to the computations for D n+2 , E 6 , E 7 and E 8 may consult [Cam16] .
Proof. Let S = k u, v be the powers series ring over an algebraically closed field k, and let G be one of the Klein subgroups of SL(2, k) acting on S through a faithful representation V 1 . Assume that char k and |G| are coprime. Then we have R = S G , and we denote by m R the maximal ideal of R. Let p 1 , p 2 , p 3 be a minimal system of generators of m R as ideal in S.
We consider the following short exact sequence of S-modules, which is the beginning of an S-free resolution of S/m R S
The group G acts linearly on S through the fundamental representation V 1 , and this action extends naturally to S 3 , and its submodule Syz 1 S (p 1 , p 2 , p 3 ). In other words, the sequence (4) is an exact sequence of S * G-modules. We apply the functor G(N) = N G , which is exact, to the sequence (4) and we obtain an exact sequence 0
Since p 1 , p 2 , p 3 are a system of generators for the maximal ideal m R of R, the last non-zero module on the right is the residue field. It follows that the module M appearing on the left of the last sequence is just the second syzygy of k, that is M = Syz 2 R (k). In other words we have that Syz
R (k). So, to understand which R-module Syz 2 R (k) is, we need to understand which is the action of G on Syz 1 S (p 1 , p 2 , p 3 ), that is its S * G-module structure. We know that as S-module Syz 1 S (p 1 , p 2 , p 3 ) S 2 and it is therefore generated by two elements s 1 (u, v), s 2 (u, v) ∈ S 3 . We need to keep track of the action of G through this isomorphism. The action of G on Syz 1 S (p 1 , p 2 , p 3 ) is inherited by the action on S, which is linear and given by matrices M = M g in SL(2, k).
In order to understand how these matrices act on the generators s 1 (u, v) and s 2 (u, v) we procede as follows. For each matrix M we apply the linear transformation (u, v) → M (u, v) T to s 1 (u, v) and for some matrix N. In this way we obtain a collection of matrices N = N g for g ∈ G, which gives us the representation corresponding to Syz 1 S (p 1 , p 2 , p 3 ). Then one has to check that this is actually isomorphic to the fundamental representation V 1 .
Example 3.5. Let ξ be a primitive n-th root of unity in k, and consider the cyclic group C n generated by
The maximal ideal m R of the invariant ring R = k u, v C n is generated by polynomials p 1 = u n , p 2 = v n , p 3 = uv. Their syzygy module Syz 1 S (p 1 , p 2 , p 3 ) is generated by
We apply the linear transformation given by A: u → ξu, v → ξ −1 v, to s 1 and s 2
Thus, the representation corresponding to Syz 1 S (p 1 , p 2 , p 3 ) is exactly the fundamental representation.
The referee suggested to us an alternative proof of Theorem 3.4 which works for the singularities D n+2 , E 6 , E 7 and E 8 . We sketch it in the following remark. . By the equivariant local duality (cf. [HO10, (5.5)]), this is equivalent to say that the socle of S/m R S is V 1 . Now let x, y, z ∈ S be a minimal system of generators of m R as in the table at page 11, and consider the quotient Λ = S/(y, z). Since y and z are invariants, Λ inherits a natural G-action. By the relation f in the table, Λ is Artinian and hence it is a complete intersection. Moreover, the degree relation deg x = deg y + deg z − 1 holds and implies that
So x must sit in the socle of Λ, which is one-dimensional and is therefore equal to Λ deg x , the degree deg x component of Λ. Since x is invariant, the socle of Λ is the trivial representation. The natural multiplication k) Λ as S * G-modules, and moreover we have isomorphisms in each degree, i.e. Λ i Hom k (Λ, k) deg x−i . We quotient by x, and we have that the socle of Λ/xΛ S/m R S, which is two-dimensional, must agree with Λ deg x−1 , which is also two-dimensional. So we obtain
since the fundamental representation of the Klein groups is self-dual, and we are done.
For Kleinian singularities, also the module of Zariski differentials Ω * * R/k is isomorphic to the fundamental module. 
The decomposition of Sym q (V)
. Let G be a finite group of order n and let k be an algebraically closed field such that char k does not divide n. Let µ n (k) be the group of n-th roots of unity in k and let µ n (C) be the group of complex n-th roots of unity. Both µ n (k) and µ n (C) are cyclic groups of order n, so we can fix an isomorphism φ : µ n (k) → µ n (C), which we name a lift. In the same way, we say that a complex root of unity z ∈ µ n (C) is a lift of a ∈ µ n (k) if z = φ(a).
Let (V, ρ) be a k-representation of G of dimension r ≥ 1 and let g be an element of G. Then the matrix ρ(g) is diagonalizable in k and its eigenvalues are elements of µ n (k), since the order of g divides n. Let λ 1 , . . . , λ r be these eigenvalues, counted with multiplicity. The Brauer character or simply the character of (V, ρ) is the function χ : G → C given by
This definition depend on the choice of the isomorphism φ. Since there are in general many choices for φ, we have a certain degree of arbitrariness. However once chosen φ, it will never be changed and sometimes we will simply say that we lift the eigenvalues to C, meaning that the isomorphism φ is fixed. (1) χ V (e) = dim k V, where e is the identity of G;
We define an Hermitian inner product on the set of characters of G by
for every ϕ, ψ characters, where ϕ(g) denotes the complex conjugation. This bilinear form satisfies
for every characters χ, ψ.
The characters of the irreducible representations of G are orthonormal with respect to this inner product. Thanks to Corollary 3.10, characters are an important tool to understand the decomposition of a representation into irreducible representations. We will use them to obtain the decomposition of the q-th symmetric powers Sym q k (V) of a two-dimensional faithful representation V of a Klein group. We begin with an elementary statement. 
Proof. We have
which goes to 0 for N → +∞.
Example 3.12. Let (V, ρ) be a two-dimensional representation of a finite group G over an algebraically closed field k. Since k is algebraically closed, for every element g ∈ G the matrix ρ(g) can be diagonalized
with λ, µ ∈ k. The representation Sym q (V) evaluated at the element g is given by the matrix
In other words, if λ and µ are the eigenvalues of V at the element g, then the eigenvalues of Sym q (V) at g are {λ t µ q−t : t = 0, . . . , q}.
Lemma 3.13. Let k be an algebraically closed field and let G be finite group such that char k and |G| are coprime. Let (V, ρ) be a two-dimensional representation of G whose image is contained in SL(2, k), then the (Brauer) character of the representation Sym q (V) is given by
where λ g is the lift to C of an eigenvalue of the matrix ρ(g).
Proof. Let g ∈ G and let λ g and µ g be the lift to C of the eigenvalues of ρ(g).
g . Then the lift of the eigenvalues of g in the representation Sym q (V) are
so the formula for the character of Sym q (V) follows immediately.
Remark 3.14. The character of the symmetric representation Sym q (V) can be computed also using
Here t is an indeterminate, and the determinant on the right hand side is of a matrix with entries conveniently lifted to the polynomial ring C [t] . Expanding the rational function on the right, we obtain a formal power series which is equal to the formal power series on the left, and we can use this equality to compute the character χ Sym q (V) . Notice that Molien's formula holds also if dim k V > 2. 
Proof. Since dim k V = 2, the dimension of Sym q (V) is q + 1. So the denominator in the limit above is N q=0 β q (V) = 1 2 (N + 1)(N + 2). From Corollary 3.10 and Lemma 3.13 we have
where λ g is the lift to C of an eigenvalue of ρ(g). The order m g of the root of unity λ g coincides with the order of ρ(g) in SL(2, k). Since V is faithful, this coincides also with the order of the group element g in G.
In particular, λ g = 1 if and only if g is the identity I of G. Thus, we can write the previous sum as
We sum for q running from 0 to a fixed natural number N and we obtain
thanks to Lemma 3.11. Therefore, the numerator of the limit is
so the limit is equal to
Remark 3.16. The multiplicity α i,q (V) can be computed also using Molien's formula (5), as showed by Springer in [Spr87] . One obtains
3.3. Symmetric signature of Kleinian singularities. 
Proof. Let E be the fundamental module of R. By Theorem 3.3, and by Theorem 3.7 we have (E) * * . From Theorem 2.12 we have
It follows that β q (E) = dim k Sym q (V) and α i,q (E) equals the multiplicity of the representation V i in Sym q (V). Since V is the fundamental representation of a Klein group, it is faithful and its image is contained in SL(2, k), so we can apply Theorem 3.15 to conclude the proof. 
for q odd. 
Symmetric signature of cones over elliptic curves
In this section we prove that the differential symmetric signature of the coordinate ring R of a plane elliptic curve over an algebraically closed field of characteristic different from 2 and 3 is zero. Our intention is motivated by the following remark, which shows that the F-signature of such rings (over a field of positive characteristic) is zero.
Remark 4.1. We consider R = k[x, y, z]/( f ), with k an algebraically closed field of positive characteristic, and f a homogeneous non-singular polynomial of degree 3. In other words, R is the coordinate ring of a plane elliptic curve over k. The ring R is not strongly F-regular, and in particular its Fsignature s(R) is 0 by the result of Aberbach and Leuschke (Theorem 1.5). To see this, assume for simplicity that f is in Weierstrass normal form, that is f = y 2 z − x 3 − axz 2 − bz 3 for some a, b ∈ k. This is always possible if the characteristic of k is different from 2 and 3. Then the ideal I = (x, z) is not tightly closed in R, since y 2 I, but y 2 ∈ I * . Therefore R is not strongly F-regular and s(R) = 0.
The methods we use in this situation are different from those of previous sections, and are of geometric nature. We will use the correspondence between graded MCM R-modules and vector bundles over the smooth projective curve Y = Proj R to translate the problem into geometric language. We will not make a general assumption on the characteristic of the base field k in this section, but we will restrict to characteristic 2, 3 only when needed. The letter q is used to denote a positive integer.
4.1. Generalities on vector bundles. We recall some preliminary facts concerning vector bundles over curves, and in particular over elliptic curves. For further details and the proofs of these facts, we refer to the books of Hartshorne [Har77] Let S be a locally free sheaf of rank r over X. The degree of S is defined as the degree of the corresponding determinant line bundle degS = deg r S. The slope of S is µ(S) = deg S/r. The degree is additive on short exact sequences and moreover µ(S ⊗ T ) = µ(S) + µ(T ).
The sheaf S is called semistable if for every locally free subsheaf T ⊆ S the inequality µ(T ) ≤ µ(S) holds. If the strict inequality µ(T ) < µ(S) holds for every proper subsheaf T ⊂ S, then S is called stable. Stable vector bundles are indecomposable, but the converse does not hold in general.
The usual operations on vector spaces like direct sum, tensor product, symmetric and wedge powers extend naturally to vector bundles and correspond to the same constructions in the category of locally free sheaves. The dual of a vector bundle E is the bundle E ∨ := Hom(E, O Y ). 
3) If the field k has characteristic 0 and E is semistable, then Sym
q (E) is also semistable.
Let R be a normal standard-graded domain of dimension 2 over an algebraically closed field k, that is R 0 = k and R is generated by finitely many elements of degree 1. The normal assumption on R implies that R p is a regular ring for every prime ideal p R + . It follows that the projective variety Y = Proj R is a smooth projective curve over k. 
Now we give an appropriate definition of free rank for the category of vector bundles over Y. 
where R/I corresponds to 0 because I is R + -primary. Since O Y and
are locally free, the sheaf S is also locally free. The sheaf S is the kernel of the sheaf morphism f 1 , . . . , f n and is denoted by Syz( f 1 , . . . , f n ) and called syzygy bundle. In fact, it is nothing but the vector bundle corresponding to the MCM graded R-module Syz
Syzygies of the irrelevant maximal ideal R + play a special role, they correspond to the restriction of the cotangent bundle Ω P n of P n to the curve. In fact, it follows from the Euler sequence on P n [Har77, Theorem 8.13]
that Ω P n is a syzygy bundle. So if x 0 , . . . , x n is a system of generators for O P n (1), we have the isomorphism Syz(x 0 , . . . , x n ) Ω P n .
If we restrict these bundles to the curve Y, we obtain isomorphic bundles. In fact, we have just proved the following proposition.
Proposition 4.8. Let Y be a smooth projective curve with an embedding in P n given by ϕ : Y → P n . Let x 0 , . . . , x n be a system of generators of O P n (1) and denote by Ω P n the cotangent bundle of P n and by Ω P n | Y its restriction to Y. Then, we have the following isomorphism of vector bundles on Y
It is a classical result, usually ascribed to Grothendieck, that the only indecomposable vector bundles over a curve of genus zero are of the form O Y (a) for some integer a. Therefore the structure of the category VB(Y) is quite easy for such a curve. The next interesting case concerns a curve of genus 1, an elliptic curve. This case was treated by Atiyah [Ati57] , who was able to give a description of all indecomposable vector bundles of fixed rank and degree. Moreover he gave explicit formulas for the multiplicative structure of the monoid VB(Y) with the tensor product operation if the base field has characteristic zero.
In the following theorem we collect some results of Atiyah that we will need later on. Proof. If char k = 0, then the result follows from Proposition 4.3. So we assume that char k = p > 0, and we denote by r the rank of E. By a result of Oda [Oda71] (see also [Tu93] ) the bundle E is strongly semistable, so by [Miy87, Proposition 5.1] it follows that [n] * E is semistable for every integer n, where [n] : Y → Y is the standard multiplication on the elliptic curve.
We consider the semistable bundle [r] * E. Its degree is a multiple of r, so by tensoring with an appropriate line bundle L, we obtain a semistable vector bundle E ′ = [r] * E ⊗ L of degree 0. It follows that the indecomposable direct summands of E ′ must have degree 0 too, so they are of the form F s ⊗ L, with L line bundle. With the help of a further multiplication map as in the proof of Lemma 4.10 we may achieve that [n] * (E) is a direct sum of line bundles of degree 0. Hence its symmetric powers are semistable and this descends to the symmetric powers of E. exists, and in this case they coincide.
The same reasoning applies to the differential symmetric signature. In this case, we should consider the sheaf associated to the module of Zariski differentials Ω * * R/k on Y and then take ordinary symmetric powers in the category VB(Y). In other words, we consider the vector bundles exists, and in this case they coincide.
where the last map is given by ψ. We obtain that We can compute the differential symmetric signature of the cone R. Question 4.19. Is it true that also s σ (R) = 0?
